The superelasticity of alloys undergoing a stress-induced martensitic transformation is studied in both experimental and theoretical way. Experimental stress-strain dependencies illustrating the different types of superelastic behavior are taken from Ni-Mn-Ga alloys typifying thermoelastic martensites and then modeled theoretically using a statistical approach to describe the growth of stress-induced martensite in the matrix of parent (austenitic) phase. A good agreement between the experimental and theoretical results is achieved whereby a physical interpretation of the different types of stress-strain dependencies is made and a quantitative evaluation of the main parameters controlling transformational behavior of the alloys is carried out.
Introduction
A large number of metallic and non-metallic materials undergoes a first-order transformation of the martensitic type from a high-symmetry (most often, cubic) austenitic phase to a low symmetry (tetragonal, orthorhombic or rhombohedral) martensitic phase. The martensitic transformation (MT) is characterized by the spontaneous shear deformation of crystal lattice 1, 2) and can be induced by cooling or mechanically stressing the specimen. When the latent heat of transformation is comparable with the energy of spontaneous strains the MT appears as thermoelastic. [2] [3] [4] In this case the elastic strain energy is one of the main agents controlling the kinetics of MT and morphology of the resultant martensitic state. Due to the tendency to minimization of the total elastic energy of the specimen, the martensite possesses a spatial microstructure formed by elastically self-accommodated internally twinned domains. This type of microstructure stipulates the thermoelasticity of alloy, i.e. the high sensitivity of the morphology of martensitic phase to the temperature or stress variation.
The thermoelasticity of martensites gives rise to the shape memory and superelasticity effects 2, [5] [6] [7] [8] being the subjects of numerous studies and the basis for the related applications (see e.g. Refs. [8] [9] [10] . The most clear way to study the superelastic behavior of alloys is the analysis of non-linear stress-strain dependencies obtained experimentally in the course of stress-induced MT-s.
11 ) The variety of shapes of the stress-strain loops reflects, in principle, the variety of alloy properties and experimental conditions influencing the stressinduced martensitic transformation and superelasticity effect. However, the physical interpretation and theoretical modeling of the results of stress-strain tests of thermoelastic alloys is a very involved problem.
Some of the existing theoretical models of stress-strain behavior in shape memory alloys are essentially thermodynamic and involve a complicate mathematical analysis of Gibbs potentials and constitutive equations for the different phases coexisting in the mixed austenitic-martensitic state (see Refs. [12] [13] [14] and references therein). The application of these models to the relatively large number of studied alloy systems has a very fragmentary character, because of the large mathematical processing needed and the difficulty for comparing results of different alloy systems. 14) The present day situation in this field of scientific activity can be illustrated by the following fact: more than 120 experimental stress-strain loops are given and physically interpreted in the monograph Ref. 11 without any theoretical modeling, while only one theoretical stress-strain loop is compared with a experimental one through the theoretical paper of Ref. 14) .
Thus, despite of the intensive experimental study of superelasticity effect and numerous models explaining some of the individual features of stress-strain dependencies obtained for certain alloy specimens, an appreciable ''gap'' between the experimental studies and modeling of superelasticity phenomenon exists. Therefore, a consistent study of superelastic behavior of martensitic alloys providing allround theoretical description of a large number of experimental results continues to be of high interest.
In this paper the experimental stress-strain dependencies illustrating different features of superelastic behavior of alloys are reported for the Ni-Mn-Ga alloy family typifying the thermoelastic martensites (see e.g. Refs. 9, 10, 15)). A new statistical model for the transformation behavior and superelasticity of martensitic alloys is developed. In contrast to the models elaborated in Refs. [12] [13] [14] , the model developed in this paper do not involve any cumbersome mathematical analysis of Gibbs potentials of coexisting phases in the mixed austenitic-martensitic state. Instead of this, the model deals with the internal microstresses and uses a statistical description of the stress-induced martensitic nucleation, which is conceptually close to the physical picture of the stress-induced martensitic nucleation substantiated in Ref. 16 ). According to this picture the growth of the martensite inside the mechanically loaded austenitic matrix has a step-wise character and can be thought of as the nucleation of small martensitic embryos in the neighboring spatial domains of the alloy specimen. A smooth character of the experimental stress-strain curves obtained for the different superelastic alloys is the evidence of the large number of nucleation events occurring during the loading/unloading cycle. 16) Moreover, the smoothness of the stress-strain curves justifies the disregard of the burst-like nucleation events. 16) A special attention is paid in the present paper to the problems of:
(i) the influence of stress relaxation accompanying the nucleation of martensite on the superelasticity effect; (ii) the extraction of the ''latent'' spontaneous strain of MT and stiffness coefficient of martensite from the experimental stress-strain loops. The nontrivial character of the problem (ii) is elucidated very clearly.
The comprehensive (both theoretical and experimental, both quantitative and qualitative) character of the studies and a step forward in the resolution of the problems (i), (ii) distinguish the present paper from the previous theoretical works dealing with superelasticity phenomenon (see Refs. 12-21) and references therein). Due to the simplicity of the underlying principles, the model enables the computation of theoretical stress-strain dependencies, their adjustment to experimental stress-strain loops, the physical interpretation of different features of these loops and the evaluation of main transformational characteristics of the alloys. The just mentioned characteristics of the model allows for its application to any shape memory alloy system, without requiring the previous knowledge of a large number of parameters, therefore making easier the comparison and physical interpretation in different alloy systems.
Experimental Procedure
Single crystalline Ni 51:2 Mn 31:1 Ga 17:7 and Ni 49:4 Mn 27:7 Ga 22:9 alloys (denoted as S1 and S2, respectively) were grown by the Bridgman method using ingots prepared from the elements by induction melting in vacuum. The characteristic temperatures T M and T A of the forward and reverse martensitic transformations, respectively, were determined from calorimetric and low-field magnetic susceptibility measurements, while the martensitic structures were obtained by electron microscopy (Hitachi H600 TEM, 100 kV) and Xray diffraction (Siemens D5000, Cu K radiation). Alloy S1 exhibits a first transformation from parent to tetragonal martensite with c=a < 1 and 10-layer modulation at temperature T M1 ¼ 418 K, followed by an intermartensitic transformation to a tetragonal non-modulated martensite with c=a > 1 at temperature T M2 ¼ 350 K. A single reverse transformation occurs at T A ¼ 426 K. The lattice parameters of M2 martensite obtained at room temperature by X-ray diffraction are a ¼ 0:544 nm and c ¼ 0:660 nm. On its turn, alloy S2 shows a single martensitic transformation with characterisitc temperatures T M ¼ 274 K and T A ¼ 285 K. A five-layer modulated tetragonal structure of the martensitic phase with c=a < 1 was observed for S2 alloy in the electron microscope at T ¼ 250 K.
Parallelepiped-shaped samples of both alloys with 2 Â 2 mm 2 cross section and about 4 mm gauge length, with the longer axes being coincident with either h100i or h110i directions of austenite, were prepared for mechanical testing. Uniaxial compression tests at different constant temperatures were carried out in a mechanical testing machine ZWICK-100 at a constant cross-head speed of 0.05 mm/min, corresponding to an average strain rate of 10 À4 s À1 .
Results
3.1 Different experimental stress-strain loops for austenite Selected results of superelastic behavior of two Ni-Mn-Ga alloys, showing qualitatively different shapes of the stressstrain loops, are summarized below for the subsequent theoretical modeling. corresponding to the forward and reverse martensitic transformations can be both monotone and non-monotone. The experimental curves shown in this figure are obtained for S1 specimen at T ¼ 460 K. The monotone stress-strain dependencies correspond to the compression/decompression of the specimen in [001] direction, while the non-monotone ones correspond to the stressing along [110] . The existence of intervals with d=d" < 0 obviously indicates the nonequilibrium character of the transient between the austenitic and martensitic phases, while the opposite inequality is inherent in the reversible thermodynamics of the elastic media.
The experimental stress-strain loops obtained for S2 alloy under compression along [001] are shown in Fig. 2(a) . These loops demonstrate different types of superelastic behavior: reversible deformation (in the sense of fully recoverable strain, solid line), irreversible deformation with residual strain (dashed line) and quasi-reversible deformation with residual stress (dot-and-dashed line). The reversible character of the deformation is usually considered as a definitive feature of the superelastic martensitic alloys. Occurrence of residual strains, which frequently are observed experimentally, is considered as an imperfect superelastic behavior. In contrast, occurrence of residual stresses on the experimental curves tends rather to be considered as an artifact caused mainly by the temperature variation during the compressiondecompression cycle than related to a real physical property.
Theoretical model of superelastic behavior of aus-
tenite under compression The superelastic behavior of parallelepiped-shaped specimens of an alloy undergoing a stress-induced MT from cubic austenite is modeled below, taking into account the features of experimental procedure described above.
During the compression (forward) cycle the deformation increases uniformly, being its absolute value " j" zz ðtÞj (the coordinate axis z is aligned with the compressive force and one of the edges of the specimen, as it is shown in Fig. 3 ). At some moments t ¼ t n the nucleation of tetragonal martensitic phase occurs in the different spatial domains of the specimen. The martensite nuclei are modeled by similar plane-parallel platelets with dimensions l x , l y and l z ( l x ; l y . The platelets are assumed to be coplanar with the shear planes corresponding to the maximal Schmid factor. The dimensions of the specimen are denoted as L x , L y , L z and the values N i ¼ L i =l i are assumed to be integers. In this case, columns with dimensions l x Â l y Â L z can be outlined inside the specimen (see Fig. 3 ).
Elementary considerations show that at any moment the deformation is related to the number of martensitic nuclei n z in a certain column of the compressed specimen as
where " ðmÞ and " ðaÞ are the absolute values of deformations for the martensitic and austenitic domains in the column, respectively. The deformation of martensite can be subdivided in the elastic and transformation strains, while the deformation of austenite is completely elastic, i.e.
where zz is the absolute value of the mechanical stress applied to the column cross-section, " M is the absolute value of the spontaneous lattice distortion in z direction, S ðmÞ and S ðaÞ are the stiffness coefficients of martensite and austenite, respectively. In the case of uniform uniaxial stressing, the equations for strains " ðmÞ and " ðaÞ involve the same stress value zz . The deformation of the specimen is expressed, therefore, as
The deformation of the column containing n z martensitic nuclei is the sum of the spontaneous deformation of the martensitic domain ðn z =N z Þ" M and the elastic strain " À ðn z =N z Þ" M . An effective stiffness S of the column can be defined as the ratio between the applied stress and elastic part of deformation, i.e.
Using eq. (3) As S, ", N z and " M are positive, eq. (4) shows that the stress is a decreasing function of n z (i.e. ð"; n z þ 1Þ À ð"; n z Þ < 0), and hence, the appearance of each new nucleus is accompanied by stress relaxation. A simple physical explanation for this result is the following: the compression of the specimen in z direction leads to the nucleation of the martensite variant whose lattice is contracted along z; this contraction is compensated by the elastic expansion of the outward (with respect to arising martensite nucleus) part of the column, which is an evidence of the stress reduction. It should be emphasized that the stress relaxation causes the deviation of stress-strain curve downwards from the curve ¼ "Sð"Þ and the appearance of the plateau visualizing the stress-induced MT.
As far as the appearance of the first nucleus in a certain column is accompanied by the stress relaxation, the following nucleation in this column becomes unlikely until the moment when every column will contain one nuclei. Disregarding the fact that the coordinates z 1 of the nuclei may be different for the different columns, this moment can be conventionally referred to as the moment of completion of the first martensitic layer. Later on, the layer-wise martensite formation will continue up to the finish of the martensitic transformation (in the case of complete MT) or compression cycle (in the case of partial MT). It means that n z is a stepwise function of the deformation and for each value of " the value of this function is equal to the integer part of the fractional number nð"Þ=N x N y . Thus,
where nð"Þ is the number of nuclei in the whole specimen, N xy ¼ N x N y is the maximal number of nuclei in the layer, the function ''trunc'' truncates the fractional part of its argument.
As long as the formation of the n th z layer lasts, the number of columns with n z nuclei is equal to n À ðn z À 1ÞN xy , while the number of columns with n z À 1 nuclei equals to n z N xy À n [here n ¼ nð"Þ, n z ¼ n z ð"Þ]. Therefore, the average stress hi measured in the course of the compression cycle is
where the values zz ðn z Þ and zz ðn z À 1Þ should be determined from the eqs. (4) and (5). The eqs. (4)- (7) enable the computation of stress-strain curves characterizing the superelastic behavior of an alloy provided that the function nð"Þ expressing the evolution of the total number of the martensitic nuclei in the specimen is given. Generally speaking, different approaches to the determination of this function can be used. As far as the nð"Þ function is essentially similar to the volume fraction of martensite, it may be deduced (at least in principle) from thermodynamic considerations and/or balance between the elastic and surface energies of the nuclei (see, e.g., Ref. 22 ). However, this approach to the problem solution is rather complicate and cannot be immediately incorporated into the framework of the model under consideration. To avoid these difficulties, a simple statistical approach to the modeling of nð"Þ function was proposed recently in our preliminary communication. 23) In this approach, the martensitic transformation is modeled with help of the Gaussian probability densities 
The probability distributions P f ð"Þ and P r ð"Þ characterize the rate of formation/disappearance of martensite during the forward/reverse transformations, respectively, where " for the compression cycle and
for decompression one, where N ¼ N x N y N z is the maximal number of nuclei in the specimen and " max is the deformation value in the finish point of the compression cycle. The plot of the value nð"Þ=N presents the volume fraction of martensite as a function of strain and the distribution eq. (8) corresponds to the simplest case of the sigmoid curve, which is symmetric with respect to the point with coordinate " ¼ " c . It should be emphasized, however, that the Gaussian form of probability distributions is not rigorously substantiated and other distributions may also be used in the framework of the model. In this sense, the probability distributions can be considered as the characteristic functions featuring the stress-induced MT-s in the different alloy systems.
The main physical values involved in the theoretical model of superelastic behavior of thermoelastic martensites are presented in Fig. 4 . This figure explicitly illustrates the role of stress relaxation in the formation of plateau in the stressstrain curve characterizing forward martensitic transformation: the function ¼ "Sð"Þ accounts for the variation of the stiffness of the austenite-martensite mixture during the martensitic transformation but disregards the appearance of spontaneous deformation and its related stress relaxation; the stress-strain dependence shown by the solid line demonstrates the appearance of plateau-like region caused by the two factors mentioned above.
Qualitative modeling of the different superelastic loops
The martensitic phase typically arises inside the austenitic matrix in the form of small platelets with l z ( l x ; l y . As an example, we used the values N z ¼ 150, N xy ¼ 100 for all computations presented below. In view of the qualitative character of the results reported in this section, the values of the model parameters were chosen with the purpose to illustrate the main features of experimental stress-strain loops shown in Sec. 3.1. The possibility of the quantitative description of experimental results and accurate determination of the model parameters will be substantiated in the next section.
The computations show that the slopes of the plateaus in the stress-strain curves are controlled by both the parameters of Gauss distributions " 0 and/ or to the case S ðmÞ < S ðaÞ This conclusion is illustrated in Fig. 1(b) . The stress-strain loops presented in this figure were computed using the values presented in Table 1 .
The values presented in Table 1 were determined approximately, to provide a qualitative description of experimental stress-strain loops. First of all, the experimental value " max was taken. Then, the values of stiffness coefficients were estimated from the experimentally observed slopes of the initial and final regions of stress-strain curves. Finally, the values of transformation strain and parameters of the Gauss distribution providing semi-quantitative agreement between the theoretical and experimental results were chosen. Some additional comments concerning the data of Table 1 in combination with the inequality S ðmÞ < S ðaÞ inherent to the case of compression along [110] results in the pronounced negative slopes of the plateaus at both forward and reverse stressstrain curves (Fig. 1b) . It should be emphasized, however, that the ascertainment of the relationships between the model Fig. 2(a) . The values of model parameters used for computations are presented in Table 2 including the numerical values of the volume fractions, v ðfÞ , v ðrÞ , of the specimen transformed during the forward and reverse transformation cycles. These values were computed from the obvious expressions
where " fin is the final strain value reached after the decompression of the specimen. Despite the qualitative character of modeling, the stiffness coefficient of martensite S ðmÞ ¼ 26 GPa shown in the Table 2 is close enough to the value 35 GPa shown in Table 1 . The S ðaÞ values presented in Table 2 are very small due to the fact that the stress-induced MT is experimentally observed in the range of low stresses (see Fig. 2(a) ), i.e. at temperatures close to T M where the austenite is softened. Table 2 and Fig. 2 show that residual strain occurs after the compression-decompression cycle with v ðfÞ > v ðrÞ , the reversible cycle is characterized by the equality v ðfÞ ¼ v ðrÞ and the residual stress occurs when v ðfÞ < v ðrÞ . The last inequality is possible only if a small fraction of hardly deformable martensite initially exists in the specimen before the compression. This fraction is assumed to be more stable when the temperature is close to MT temperature region and gradually losing its stability on heating. In such a case, the strain energy stored during the forward MT is able to transform this martensitic fraction into austenitic state during the reverse MT if the temperature of the specimen is large enough. Thus, the theoretical model predicts the possibility of observation of cycles with residual stress in the mixed austenitic-martensitic state even in the absence of the temperature effect mentioned in the Section 3.1. However, the experimental observation of the theoretically predicted residual stress needs special measurements carried out in the temperature region corresponding to the two-phase state; it means that the direct comparison between the upper curves presented in Figs. 2(a) and 2(b) can not be done.
3.4
Quantitative theoretical analysis of the stress-induced MT in Ni-Mn-Ga alloy The irregular form of the experimental stress-strain loops presented in Fig. 2(a) a priori shows that they cannot be accurately approximated by the theoretical curves as far as the Gauss-like statistical distributions (8) are used for computations. Therefore, more attention should be focused on the alloys with smooth stress-strain characteristics.
Smooth stress-strain dependencies were experimentally observed for S1 specimen in the course of compression along Table 3 .
Several important conclusions about the stress-induced MT and alloy properties can be deduced from Fig. 5 and the data presented in Table 3 :
Volume fractions of transformed martensite
In view of the reversible character of deformation cycles, the volume fractions of martensite transformed during the forward and reverse MT-s are practically equal to each other (v ðfÞ % v ðrÞ ). The volume fractions of transformed martensite are different from 1, and therefore, all observed transformation cycles are not complete.
Stiffness coefficients
The stiffness of austenite S ðaÞ decreases with decreasing temperature, showing the well known softening of austenitic phase when approaching T M . In contrast, the stiffness of martensite S ðmÞ decreases on heating which is an evidence of Table 2 Values of the parameters leading to the stress-strain loops of Fig. 2 the temperature destabilization of the martensitic phase. This is again consistent with the experimental evolution of the elastic modulus in martensitic state. 24) The maximal stiffness values Sð" max Þ attained during the compression cycles are very different from the stiffness of martensitic phase due to the partial character of stress-induced MT and the great difference in stiffness coefficients of two phases.
The spontaneous strain of MT
The spontaneous strain, accompanying MT is a decreasing function of the temperature. In the case of compression in [001] direction, the stress-induced martensitic phase is tetragonal with c=a < 1.
15) For such structure, the absolute value of MT strain is expressed through the lattice parameters as " M % ða 0 À cÞ=a 0 (a 0 is the lattice parameter of the parent phase) and therefore, the information about the temperature dependence of lattice parameters of martensitic phase can be obtained from the stress-strain loops even for the temperature range where this lattice is unstable in the absence of mechanical stress. The ratio ða 0 À cÞ=a 0 for the unstressed martensite arising on cooling the specimen can be approximately determined by the extrapolation of the " M values presented in Table 3 to the temperature of martensitic transformation. For the S1 specimen the linear extrapolation results in a value of about 6.3%, as it is indicated by dashed lines in Fig. 6 . If we take the experimental values of the lattice parameters of the same martensitic and austenitic phases measured for a similar alloy in Ref. 25); a ¼ 0:60 nm, c ¼ 0:54 nm, a 0 ¼ 0:58 nm, the corresponding transformation strain is 6.9%, which is close to the extrapolated value. In addition, as the thermal contraction of austenite is rather small, 26) the slope of the line shown in Fig. 6 , 0.03%/K, arises mainly from the temperature increase of the lattice parameter c of the martensitic phase. The obtained value is again in agreement with diffraction data: a slope of about 0.03%/K is deduced from the cðTÞ dependence reported in Ref. 26 ) upon cooling a Ni 2 MnGa specimen in the temperature range T M À 50 K < T < T M . Therefore, the " M ðTÞ dependence presented in Fig. 6 fits rather well with the prolongation of cðTÞ dependence measured for unstressed martensite (by X-ray diffraction method) to the region of stress-temperature diagram corresponding to T > T M and 6 ¼ 0.
It should be emphasized that the numerical values of both S ðmÞ and " M cannot be obtained from the stress-strain curves presented in Fig. 5 in a simple graphical way. This statement is obviously illustrated in Fig. 5 by the dash-dot straight lines, which present the elastic stressing of pure martensitic phase defined as S ðmÞ ð" À " M Þ. The stiffness of martensitic phase is usually evaluated from the slope of the tangent line to the stress-strain curve in its final point. The MT strain is assumed to be equal to the coordinate of the intersection point of tangent line with the strain axis. However, it is seen very clearly that the lines presenting the function S ðmÞ ð" À " M Þ at the different temperatures are not tangential to the stressstrain curves. This fact results from the partial character of experimental stress-strain cycles. The partial character of the cycles is, in turn, hardly visible (at least, for T ¼ 434 K). Therefore, only the accurate theoretical treatment of experimental data enables the determination of the volume fraction of transformed martensite, spontaneous strain of MT and stiffness of martensite from the partial stress-strain cycles.
Discussion and Conclusions
A consistent examination of the superelastic behavior of martensitic alloys makes evident that extraction of basic information about the martensitic transformation cycles and stress-induced martensitic phases from the experimental stress-strain curves is a complicate problem. In particular, the determination of the volume fraction of transformed alloy and the decomposition of the total deformation of the mixed (martensitic-austenitic) state into the physically different components presents serious difficulties. An advance in the resolution of the problem can be achieved by the theoretical modeling of stress-strain dependencies. A comparison of the theoretical stress-strain loops with the experimental ones leads to the following conclusions: (1) The appearance of the ''plateau'' at the stress-strain curve characterizing the superelastic behavior of martensitic alloy can be physically interpreted as the result of stress relaxation accompanying the nucleation and growth of martensite in the austenitic matrix. (2) The stress relaxation is most pronounced in the case of the abrupt stress-induced transformation of the sufficiently rigid austenite into the comparatively soft martensite; in this case the non-monotone stress-strain Table 3 as a function of temperature.
dependence is observed. (3) An accurate fit of the theoretical stress-strain curves to the experimental ones enables the evaluation of the volume fraction of alloy transformed during the compression-decompression cycle, ''latent'' spontaneous strain of martensitic transformation and stiffness coefficient of the stress-induced martensitic phase from the data obtained for both complete and partial transformation cycles. It is worth noting, however, that an additional study of the unusual stress-strain dependencies is needed for their unequivocal treatment. Moreover, the present version of the theoretical model enables an accurate theoretical evaluation of physical parameters of martensite only in the case when the experimental stress-strain curves can be satisfactorily approximated with help of Gauss-like statistical distribution of critical strain values. On the one hand, the applicability of this distribution is justified by the Entropy Principle and successful modeling of magnetic and magneto-mechanical properties of Ni-Mn-Ga alloys. 27, 28) On the other hand, it is quite obvious that the Gauss-like form of statistical distribution is not universal; for example, this distribution is not applicable to the Cu-Al-Ni alloys in compression mode, as will be reported in a next publication.
